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Abstract
In this article we give a detailed discussion of the mass perturbation theory
of the massive Schwinger model. After discussing some general features and
briefly reviewing the exact solution of the massless case, we compute the
vacuum energy density of the massive model and some related quantities. We
derive the Feynman rules of mass perturbation theory and discuss the exact
n-point functions with the help of the Dyson-Schwinger equations. Further
we identify the stable and unstable bound states of the theory and compute
some bound-state masses and decay widths. Finally we discuss scattering
processes, where the resonances and particle production thresholds of the
model are properly taken into account by our methods.
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The massless and massive Schwinger models are two-dimensional QED with one mass-
less or massive fermion. Both models have been subject to intensive study in the last
decades. First of all, the exact solubility of the massless Schwinger model was discovered by
J. Schwinger more than 30 years ago [?]. Later on, Lowenstein and Swieca [?] constructed a
complete operator solution of the massless model. By carefully investigating the role of large
gauge transformations they found that these large gauge transformations have the eect of
changing the vacuum ("instanton vacuum"), and therefore a superposition of all these vacua
(" vacuum") has to be introduced as a new, physical vacuum in order to render the theory
sensible (requirement of vacuum clustering). In the usual terminology of gauge theories, the
occurrence of instanton-like gauge-eld congurations can be traced back to the fact that
the boundary of Euclidean space-time is a S1, and, further, that the rst homotopy group
of the gauge group is nontrivial, 1(U(1)) = Z.
In addition, the chiral anomaly and Schwinger terms are present in these models, and
all these nontrivial eld-theoretical features were one reason for the rising interest in the
Schwinger model [?,?], [?] { [?], [?,?].
However, there is another reason for the study of the Schwinger model, namely its simi-
larity to some aspects of QCD. All the above-mentioned features are present in QCD, too.
In addition, a fermion condensate is formed both in QCD and in the massless and mas-
sive Schwinger models [?,?,?,?], and connement is realized in the latter models in a quite
understandable way. In both models there are no fermions in the physical particle spec-
trum. The lowest physical state is a massive mesonic fermion-antifermion bound state, the
Schwinger boson. In the massless model this boson is free, and higher states are trivial free
n-particle states. In the massive model these states turn into n-boson bound states, because
the Schwinger boson is an interacting particle there [?,?,?,?].
When connement properties are tested with external charges, the two models behave dif-
ferently, too. In the massless model widely separated probe charges are completely screened
via vacuum polarization, and the potential between the external charges approaches a con-
stant.
For the massive model this screening takes place as long as the probe charges g are
integer multiples of the fundamental fermion charge e. When g 6= ne, the potential between
the probe charges rises linearly for large distances. So "screening" is realized in the massless
model, whereas true connement takes place in the massive model (this feature was rst
discovered in [?] within a bosonization approach, and is further discussed e.g. in [?,?,?]; see
also Section 6). Therefore, the Schwinger model was studied in order to get more insight
into the phenomena of quark trapping and connement [?,?,?].
Instanton physics was studied, too, in the Schwinger model [?,?].
In addition, because of its simplicity, the Schwinger model is often used for testing some
new methods of QFT, like light-cone quantization [?] { [?], semi-classical methods [?,?,?]
or lattice calculations [?] { [?].
As mentioned, the massless Schwinger model was rst completely solved within the
operator formalism [?], and the operator approach and the specic two-dimensional method
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of bosonization were mainly used in the subsequent years [?,?,?,?,?]. It took some time until
a path integral approach to the Schwinger model arose (mainly because of the problems with
the nontrivial vacuum structure) [?], [?] { [?], [?] { [?], [?] { [?].
In this article all computations are based on the path integral formalism in flat Euclidean
space-time.
This article is organized as follows:
After xing our conventions we discuss some general features and the physical meaning of
the vacuum angle . Then we turn to the massless model, because it will be the starting
point for a mass perturbation theory. We discuss the relevance of the instanton vacuum
and briefly review the exact path integral solution of the massless model to the accuracy we
need in the sequel.
In a next step we compute the vacuum functional and vacuum energy density of the
massive model in mass perturbation theory by a method that is analogous to the cluster
expansion of statistical physics. Further we prove the IR niteness of the mass perturbation
theory and comment on the UV regularization.
With the help of the vacuum energy density we compute the fermion and photon con-
densates and the scalar and topological susceptibilities and generalize (to arbitrary order
mass perturbation theory) some recent path integral computations [?] on screening and
connement in the massive Schwinger model.
Then we develop the Feynman rules for the mass perturbation theory, which we need
in the sequel. Actually, because of the chiral properties of the model these Feynman rules
acquire a matrix structure.
Further we compute the mass of the Schwinger boson by a direct application of this mass
perturbation theory.
From the equations of motion we derive, in Section 9, the Dyson-Schwinger equations
of the model and use them to re-express the exact n-point functions in a way that is more
suitable for the subsequent discussion of bound states, decays and scattering. From the
exact two-point function we will be able to infer the complete bound-state spectrum of the
model and nd that it contains, in addition to the n-boson bound states, some further bound
states (Section 10).
Further, this exact two-point function provides information on the decay widths of all
the unstable bound states. As an illustration, we will compute the masses and decay widths
of the lowest bound states.
At last, we discuss the scattering processes of the model, where we take properly into
account all the resonances and higher production thresholds. All this may be derived from
a resummed mass perturbation theory, without further approximations.
We will use the following conventions,
g =  ; 01 = −i ; 
 = g (1)
γγ5 = γ



















and we nd it convenient to keep the notation (x0; x1) in Euclidean space-time. As a









is imaginary ( is dened in (6)). The Lagrangian of Euclidean QED2 is











The pure gauge part, , is unimportant for gauge invariant VEVs (as we deal with through-
out the article) and may therefore be set equal to zero,   0 (Lorentz condition). Using
the electric charge e (which has the dimension of mass in two space-time dimensions) we





which is the mass of the Schwinger boson in the massless Schwinger model. Further we need
the currents
J = ΨγΨ ; J
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 = Ψγγ5Ψ = J

S = ΨΨ ; P = Ψγ5Ψ











On the quantized theory the following equations of motion hold (more precisely, they hold
on the physical subspace, see the remark after (103)),
@F




F − 2imP; (11)
which are the Maxwell and anomaly equations. In addition, the Dirac equation holds, but
we do not need it.
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K0(jxj) ; fD(p) = −1
p2 + 2
(14)
and K0 is the McDonald function with the properties
K0(z) ! −γ − ln
z
2





e−z for z !1 (15)
where γ is the Euler constant.
In the sequel we will have to distinguish between two types of VEVs, namely VEVs
with respect to the massless and massive Schwinger models. The former VEVs are always
denoted by hi0, the latter ones sometimes by him and sometimes without a subscript, hi.
Here we should add a last comment on our Euclidean conventions. They are chosen in
such a way that they are as similar as possible to their 1+1 Minkowski-space counterparts.
However, for this advantage we have to pay the prize that in the intermediate Euclidean
computations some quantities are unphysical (e.g. imaginary eld strength F and vacuum
angle ).
II. THE  VACUUM
Let us briefly recall the way the vacuum angle  enters the theory. The key observation
is the existence of large gauge transformations Gi that do not leave the vacuum invariant
and therefore give rise to an innite number of vacua,
G1j0i =: j1i ; Gnj0i = (G1)
nj0i =: jni (16)
and n is restricted to integer values by the requirement that gauge transformations must
act uniquely on the matter elds (here the fermion). As a consequence, gauge elds may
exist that tend to dierent pure gauges Gn for the time t ! 1. They have instanton









dxF (x) = k: (17)
These instantons induce transitions between dierent, gauge equivalent vacua (16). There-




einjni ; Gnji = e
−inji (18)




and in (19) we used hmjO^jni = h0jO^jn −mi, which holds for gauge invariant operators O^.
Because all  vacua are invariant with respect to large gauge transformations, up to a phase,
(18), the angle  has to be included as a new physical parameter into the theory.
From (19) we nd that within the path integral approach the vacuum angle  may be
























(where we used (17)) and Ak has instanton number k. Due to the anomaly there is a third
representation for Z(m; ). By performing a constant chiral transformation on the fermions,
Ψ! eiγ5Ψ ; Ψ! Ψeiγ5 ; (22)







and in the action only the mass term is changed by this transformation. Choosing  = −
2
,












Rewriting the -dependent part of (24) like
m(cos S + i sin P ) = m(eiS+ + e
−iS−) (25)
we conclude that general VEVs will not be holomorphic in mei but depend on its complex
conjugate, too, him(mei;me−i).
There is a nice physical interpretation of  that was extensively discussed in [?], which
we want to present now. Ignoring the fermions at the moment and treating F as the






So  may be interpreted as a constant background electric eld.
[Remark: There is a simple and very instructive way of discussing this feature in the
Schro¨dinger picture, which we want to describe briefly (this was shown to us by R. Jackiw).
The Hamiltonian of the theory without fermion reads, in the gauge A0 = 0 (remember that
A0 has no conjugate momentum; F = @0A1; we temporarily introduce a nite length L for








The quantum theory is described in the Schro¨dinger picture by operators A1(x) and bF (x) 
i 
A1(x)
acting on wave functionals Ψ[A1]. The Gauss law for physical states simply reads
@1 bF (x)Ψ[A1]  @1i 
A1(x)
Ψ[A1] = 0
with the general solution




where f is an arbitrary function. So there remains only one degree of freedom (the zero
























where F is the eigenvalue of bF ,
bFf(a) = h bF if(a) =: Ff(a)
So F is just a constant eld with energy density F
2
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. Finally, when we perform a large gauge








Therefore, the state vector Ψ[A1] changes under large gauge transformations precisely like
the  vacuum (18), provided we make the identication F = − e
2
, equ. (26), which again
shows that  is a constant background eld.]
When matter is included, it was shown in [?] that whenever  >  ( < −), it is
energetically favourable to create a real particle-antiparticle pair (with fundamental charge
6
e) that partially screens the background eld (26). This explains the angular character of
.
Quantum eects further change the picture. For the massless Schwinger model (m = 0)
it is obvious from (24) that the background eld is completely screened. The anomaly (23)
stems from the vacuum polarization graph in QED2 (for a lengthy discussion and explicit
computation of the QED2-anomaly see e.g. [?,?]), therefore the screening is due to vacuum
polarization. In the massive case this screening is not complete and we will nd (see Section
6)
hF im  −m sin  + o(m
2): (27)
III. INSTANTON VACUUM AND ZERO MODES
The following two sections are devoted to a short review of some properties of the massless
Schwinger model which we need in the sequel. First we remember that the exact fermion
propagator in an external gauge eld may be given explicitly,
G(x; y) = eiγ5((x)−(y))G0(x− y) (28)
(more precisely, (28) is correct for gauge elds with vanishing instanton number, k = 0.
For k 6= 0 G acquires an additional term. This term, however, does not contribute to the
path integral computations which we want to perform and may therefore be omitted, see
the remark after (32)).
Further we should recapitulate some wellknown properties of the Dirac operator in an
instanton eld. For suciently simple space-time manifolds the Dirac operator
D= = @=+ ieA= (29)
in a gauge eld with instanton number k has precisely jkj zero modes, which have positive
chirality for k > 0 and negative chirality otherwise. For the Schwinger model these zero




















; k < 0 ; i0 = 0 : : : jkj − 1; (30)
x+ = x1 + ix0 ; x
− = x1 − ix0:
Next let us investigate the pure fermionic part of the path integral in an external gauge eld
(for a proper treatment of the zero modes we keep a small fermion mass m that we set equal
to zero at the end of the computation).









det(iD= +m) = lim
m!0
mjkjdet0(iD=+m) (31)
the vacuum functional obviously vanishes for k 6= 0 (the prime indicates omission of the zero
eigenvalues).
This remains true for VEVs of operators containing only gauge elds, because they
do not influence the fermionic integration. On the other hand, fermionic VEVs may get
contributions from nontrivial instanton sectors.
By the use of Grassmann integration rules a general fermionic VEV may be written like
hΨ1(x1) Ψ

























Here  l(x) and l denote eigenfunctions and eigenvalues of the Dirac operator, and the sum
just means summation of all possible Wick contractions (for a more detailed discussion see
e.g. [?,?,?]).
This expression may give a nonvanishing result when in precisely jkj Green functions
only zero modes contribute, because then the mjkj factor is cancelled by a factor m−jkj. Of
course, every zero mode has to occur exactly once because of the Pauli principle (the Pauli
principle is not explicitly written down in (32); however, because of the permutation sign
factor (−)() there is a pair-wise cancellation of all terms with identical eigenfunctions).
Therefore, a VEV of n fermion bilinears, like (32), may get contributions from instanton
sectors k = −n; : : : ; n.
[Remark: for a nontrivial instanton sector k 6= 0, the remaining Green functions in (32)
(the exact fermion propagators (28)) in principle should be constructed on the subspace that
is orthogonal to the zero modes, i.e. they should satisfy
D=kx G





























i0 (x) = e
iγ5k(x)Ψki0 (x) ; @
 ki0 (y)γ =
Ψki0 (y)e
iγ5k(y)
(the ci0 are related to the zero mode normalizations and are unimportant for our argument).
The important point is, of course, that the additional term for Gk contains the zero modes
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and, therefore, does not contribute to the fermionic path integral (32) due to the Pauli
principle. As a consequence, in our computations we may use the simple form (28) of the
exact fermion propagator for all instanton sectors (this argument can be found e.g. in [?]).]
For further conclusions we have to specify the types of fermionic bilinears. E.g. pure
vector-like VEVs get contributions only from the trivial sector k = 0 for the following reason:
the zero modes contribute like Ψi0 Ψi0  P+ (for k > 0), the exact propagators are given in





3γ3 : : : = 0
trP+γ1P+γ2G

3γ3 : : : = trP+P−γ1γ2 : : : = 0 ; etc:
and therefore vanish.
On the other hand, VEVs of scalar or chiral bilinears do get contributions from the k 6= 0
sectors.
For densities, like S(x) = Ψ(x)Ψ(x) (which are the only objects we need in the sequel),
this may be inferred in a very easy fashion from the various representations of the vac-
uum functional, (20) - (24). Suppose for the moment that the fermion mass is space-time








































where we used (24), (25) in the rst line.
Further we know from (20) that a factor eik indicates that the term stems from the
instanton sector k. Therefore, we may draw the conclusion that for a n-scalar VEV the
sectors k = n; n− 2; : : : ;−n contribute. In addition, we nd that for a VEV of n+ positive
chirality densities S+ and n− negative chirality densities S− only the sector k = n+ − n−
contributes and that \instanton number equals chirality".
[Remark: we gave a quite explicit construction of the vacuum structure of the massless
Schwinger model, because we need it for our further calculations. However, if one is only
interested in the vacuum structure itself, it may be shown to be an almost trivial consequence
of gauge invariance. First, imposing the Lorentz gauge condition  = 0 in the representation
(6) of the gauge eld does not uniquely x the gauge. There remains a residual gauge freedom
to introduce functions  that fulll the condition 2 = 0. Of course, a constant  = c is a
possible choice. Requiring gauge invariance and using the anomaly result (23) (for a constant












and conclude  = −ie
2
R
dxF = 0. Therefore, for the vacuum functional only the sector
k = 0 may contribute. The conclusion remains the same for gauge eld VEVs and for vector
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current VEVs. For scalar and chiral VEVs, however, things change. E.g. for the positive







and conclude (γ5P+ = P+γ5 = P+) that  = 1. Therefore, here only the sector k =
1 may contribute. The generalization to higher VEVs is straight forward, and we may
indeed conclude that the vacuum structure of the Schwinger model is a consequence of
gauge invariance. (For the massive model the same gauge invariance requirement leads to
the equivalence of the dierent representations (21), (24) for the vacuum functional Z(m; ).
A similar discussion can be found in [?], and more about instantons and  vacua e.g. in
[?].)]
IV. SOLUTION OF THE MASSLESS MODEL
The key observation for the exact solution of the massless model is the fact that the
interaction term in the fermionic Lagrangian may be transformed away by a chiral rotation
(A = @
),
LΨ = Ψ(i@=− eA=)Ψ = Ψe
−iγ5i@=e−iγ5Ψ: (34)
In the fermionic path integral such a chiral rotation causes the chiral anomaly. In the model
at hand this anomaly may be computed for nite chiral rotations, too, leading to the result
for general VEVs (for  = 0; N is the path integral normalization)
N
Z





dxΨf i@=Ψf O^(eiγ5Ψf ; Ψfe















(2− 20) ; G(x) = (D0(x)−D0(x)) ; DxG(x− y) = (x− y): (37)
The rst term in Se is the "photon" kinetic energy, the second one stems from the anomaly;
Ψf is the free fermion spinor.
For a further evaluation the presence of zero modes for k 6= 0 has to be taken into account.
In O^(Ψ; Ψ; ) all Wick contractions among the fermions Ψ = eiγ5Ψf have to be done and
the corresponding number of k zero modes and remaining n− k exact propagators have to
be inserted, according to our discussion in the last section. All this may be written down in
a compact way by introducing the generating functional for fermions in the instanton sector
k,
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dxdy(x)Gk (x;y)(y)eSe ; (38)
where ;  are Grassmann-valued external spinor sources.
Both exact propagator (28) and zero modes (30) depend exponentially on , therefore
they add linear  terms to Se , rendering thereby the  path integral Gaussian. As a
consequence, all VEVs may be computed explicitly, as we now demonstrate briefly.
E.g. for the chiral density hS+(x)i0 only the k = 1 sector contributes; we have to insert



















where we completed the square and performed the  integration in the rst step; further we
introduced the fermion condensate

















(here only one of the two possible Wick contractions contributed due to trP+G = 0) and








(the details of all these computations can be found e.g. in [?,?]).
Observe that in both cases the massless propagator part of G(x − y) is cancelled by a
contribution steming from the free fermion propagator or from the zero modes, respectively.
This feature remains true for all physical VEVs and shows that the only physical particle
in the Schwinger model is the massive Schwinger boson.
Further it may be seen easily that all VEVs fulll the vacuum clustering property, e.g.
lim
x−y!1
hS(x)S(y)i0 = hS(x)i0hS(y)i0: (43)
In fact, vacuum clustering is another reason that makes it necessary to introduce an instanton
vacuum.
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